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Introduction
Sound field synthesis with weighted spherical monopoles located on a continuous

secondary source distribution (SSD) — single layer potential

P(x,w) = f Dixo.w) -
ov

symmetric kernel G (|x—xo|,w)

dA(X())

|x — xg|

How to find the unknown weights D(x¢, w) for a desired (known) sound field P(x, w)
with different analytic methods? — solution of an inverse problem
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Approaches to the Single Layer Potential

1. Mathematical motivation — Fredholm integral of first kind

P(x) =  Dixo) G(jx — xal) dA(xo)
oV

2. Physical motivation — interpretation of Helmholtz integral equation

' [) C T —
@ P(x) = § [ 252 i - wol) + X=X 5050) ] x0)
. on on
oV
with unit inward n. and
+1 Vx eV
o= +1/2 ¥xe€dV
0 Vx ¢V
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Approaches to the Single Layer Potential

1. Mathematical motivation

_ ]{ D(x0) G(]x — xo) dA(x0)
ov

e the single layer potential is a Fredholm integral of first kind
o explicit solution for the unknown driving function D(x¢)

spherical problem — closed SSD — compact Fredholm operator [Spo08b, Faz10]

27

//D x0) G(|x — x0|) 7’0 sin 6y dfydgg
00

planar problem — infinite SSD — Fourier operator [Ahr10, Faz10]

:77 D(x¢) G(|x — xg|) dzp d2g
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Solving the Fredholm Integral for Spherical SSD
Ambisonics [Ahr08, Faz12]

2w ™

_ / / Di(x0) G([x — xo|) 72 sin 6y dfydo
0 0

e expansion with ortho-normalized set that fuffills the wave equation, i.e. Y, (6, ¢)
e infinite and denumerable eigenvalues

Gllx—xal) = 3= 35 <O r)ju(< 1) Y6, 0) Y7 Gor )

n=0m=—n

S(x) > & S (r) ym
{DX} > 3 {i} e

n=0m=—n

=y Z ;SU,(T) (6o, ¢0)
n= Om*—n *.wh ((:3) Tﬂ)jn(%"’
D (r)

Schultz, Spors | SFS with Single Layer Potential | Mathematical Approach



Solving the Fredholm Integral for Planar SSD
Spectral Division Method [Ahr10, Faz10]

:/ D(x0) G(|x — xo|) dop dzg

e expansion with orthogonal, §-normalized set that fulfills the wave equation, i.e. e +j (kx)

e infinite and nondenumerable 'eigenvalues’ — continuous angular spectrum

e Jkyy . .
G(\x XO‘ // —j (kzx“l‘kzz)e+J(kw$0+kzZ0)dkz dk,

S| _ 1 S(kery, k)| i ket )
{D(X)}_ (27)2 //{D(k:ryk’z>} 3 (ke 2tk 2) 4, dE,

D(X() // ke, y, k —j (kg z0+k2 Zo)dk‘x dk,
(2m)? j

—1kyu
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Approaches to the Single Layer Potential

1. Mathematical motivation — Fredholm integral of first kind
P(x) = ;5 D(x0) G(|x — xo0|) dA(x0)
oV
2. Physical motivation — interpretation of Helmholtz integral equation

aP(x):f —356(;‘0) G(|x—x0|)+8G(|>(;;XO|)S(x0) dA(xo)

N——
ov ~— monopole ———~—" pressure
normal velocity dipole

with unit inward nn and

+1 vxeV
a= +1/2 Vxe oV
0 Vx ¢V
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Boundary Conditions for the Helmholtz Integral Equation\

a P(x) = ]{ {—8522"0) G(|x — xo) + (m;;"‘)DST(xO) dA(xo)

o desired sound field S(x) = Pn(x) forx € V
o total’ sound field S7(x) = Pin(x) 4+ Psc(x) forx ¢ V

Dirichlet Neumann
St(x0) =0 B3rlxo) _
St(xo) equivalent sound-soft scattering | equivalent sound-hard scattering
[Faz13, Zot13] [Faz12]
Gp(x,%0) =0 Inlxxl) _ g
|G(x—x%o|) | Rayleigh Il for planar SSD Rayleigh | for planar SSD
initial WFS research @ TU Delft modern WFS [Spo08a]
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Dirichlet Boundary Condition on Sound Pressure
Equivalent sound-soft scattering [Faz13, Zot13]

aP(x) = f [—“gfj‘"’ G~ xol) +

A%

; = (x0)| dA(xo0)

e desired sound field S(x) = Pin(x) is modeled as an incident field for a scatterer
o 'total’ sound field S7(x) = Pn(x) + Psc(x)forx ¢ V
e impose Dirichlet boundary condition S7(xg) = 0, i.e. ideal sound-soft scatterer

o scattered field Psc(x) has to be known :-(

+P|N(X), x eV
)

0PN (x 0Psc(x

]{ [ 251 2 SaCT(L o) G(|x —xo[)dA(x0) = { +Pn(x), x €IV

v —Psc(x), x ¢V
D(xo0)
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Dirichlet Boundary Condition on Sound Pressure

Equivalent sound-soft scattering [Faz13, Zot13]

e spherical secondary source distribution

RS)=R(P,) RP, (P *Pgc)

SC)
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Neumann Boundary Condition on Green’s Function
Rayleigh integral equation — starting point for modern WFS formulation [Spo08a]

a P(x) = j'{ [—858(:;0)GN(\X—X0\)+ =27 5(x0) | dA(xo)
oV

e special case for the planar secondary source distribution

OGN (|x — xq])

5 =0 Gy (|x —x0|) =2 G(|x — x0])
n

// 85 -2-G(]x — xo|) dzdz
0)

e well known link between Rayleigh integral and angular spectrum propagator with Weyl
integral representation of G(|x — x¢|) [Faz10, Faz13]
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Equivalent Solutions for the Single Layer Potential
In conclusion calculus leads to equivalent driving functions by employing

e for a spherical secondary source distribution

mathematical approach: physical approach:
spectral representation Helmholtz integral
1 mode matching — «——— Dirichlet on S (x)

! .
= convolution over a sphere —

e for a planar secondary source distribution

mathematical approach: physical approach:
spectral representation Helmholtz integral
! "
' = mode matching — D(Xo) «~—— Dirichlet on ST(X)
= convolution over a plane — ~—— Neumann on G(|x — Xo)
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Thanks for your attention

slides of this talk avalaible @

http://spatialaudio.net/

Schultz, F.; Spors, S. (2014): "Comparing Approaches to the Spherical and Planar Single Layer Potentials for Interior Sound
Field Synthesis." In: Proc. of the EAA Joint Symposium on Auralization and Ambisonics 2014, Berlin.
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Fredholm Integral in Time Signal Processing
y(t) = / 2(7) - h(t — 1) dr o—e Y(w) = X(w) - Hw)
—0o0
e infinite and nondenumerable eigensignals and corresponding signal-/system eigenvalues

— continuous spectrum of eigenvalues/singular values
e for this special case solution via Fourier transform available

+oo
1 . i
h(t—71) = o /H(w)eﬂ“te_Wwa
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Convolution Integral for Time Signal Processing
e the convolution integral for time-domain signal processing is a Fredholm integral of first

kind
“+o00

y(t) = / o) - h(t— 1) dr o—e Y(w) = X(w) - H(w)
—00
@ system identification — heavily used to obtain LTI-system impulse responses

@ signal identification —> link to the inverse problem of sound field synthesis

_ Y LT e
X(w) = ™) -  z(r) = / @ e dw

@ links between the time domain convolution and the single layer potential

x(7) > D(x0) h(t — 1) < G(|x — xq|) y(t) < P(x)



Spherical Harmonics Transform
e orthonormal & completeness relation of spherical surface harmonics

27 0w

/ Y™(0,0) Y (0,6)* sin(6) d0 d = 8y Sy

n n'

$=006=0

+oo +m

Z Z Y0, ¢) Y00, d0)" = 0(¢ — o) d(cos — cos )

n=0m=—n

e expansion (inverse SH7) & decomposition (SHT) for |x| = const

+oo  +n

P(x)=_ > Pi(r) Y0 ¢)

n=0m=—n

2w w
P (r) = / P(x) Y™(0, )" sin0do dg
$=006=0
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Solving the Fredholm Integral for Spherical SSD h

Ambisonics solution for a virtual point source at xpg, e T3¢ t-convention

Glix—xal) = 3= 35 <O m)ju(< 1) V6. 0) Y7 Gor )

n=0m=—n

b!L’HL

(e e}

=> Z J* W2 (= TPS) Y, (Ops, dps)” jn(% r) Y,"(0,0)

n=0m=—n

Sm(r)
I SIS S LG B C AP
n=0m=—n'0 —j h (zrﬂ)]n(zr)

Dy (r)

i ff 1 —-£h£><%rps> Y, (Bps, dps)* (2 7)

Y, (6o, ¢o)
n=0m=—n ' =] % hg)(% 7"0)]71(% T)
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Solving the Fredholm Integral for Spherical SSD h

Ambisonics solution for a virtual plane wave into kpy, € i@t convention

Glix—xal) = 3= 35 <O m)ju(< 1) V6. 0) Y7 Gor )

n=0m=—n

b’VIJVL

[e’] “+n
SE) =Y D Ami " Y (0w, ¢pw)* jn (O: "') Y, (0,0)

n=0m=—n

S (r)
o0 S77Z
n=0m=—n "0 —j h ( )]n( )
Dy (r)

= § LA i (21

Y, (6o, ¢o)
S iR (2 ) a2 )
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Spatial Fourier Transform
e d-normalized relation

e —j(khz+k,z) +j(kzx+kzz)
// ———dads = (k. — K,) 6(k. — 1)
T

e—&-J(kxx +k2') e~ j(kez+k,2)
// 5 dk,dk, = 6(z — 1) §(2 — 2)
T

e expansion (inverse F) & decomposition (F) for ¥ > 0 & y = const

+oo
1 .
o [ Pty k10 Aan, a,
v

Pl = [ e ass
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Possible Wave Numbers
o for wave radiation into target halfspace y > 0

I { /()2 — k2 — k2 for (£)* > k2 — k2 propagating
y p—

—j\ k22— (2)% for k2 — k2> (£)? evanescent
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Solving the Fredholm Integral for Planar SSD h

Spectral Division Method solution for a plane wave into kpy, e T3¢ t-convention, y > 0

+oo .

1 —jkyy .

G(|X — X0|) = 4(2 7T)2 // _.] € Qky e_‘](kxw‘f‘kz Z) e+J(k2.T0+kzz0)dkm dkz
Y

“+o00
1 —j T z
S =5y // 8 ke, y, ke) e I oHh 2k, d,

S(kay y, ks) = 472 6(ky — Eypw) 0(ky — ks pw) @ 3 Fvpny

. ﬂkyy

D XO // xa Y, k —j (kg z0+k- zo)dkz dkz
271'

(k Yskz)
D(kg, kz) = 87 j kypw - 6(kz — ko pw) - 6(kz — Kz pw)
S(ke,y, k) = D(kg, kz) - Gks, y, k2)




Equivalent Sound-Soft Scattering for Planar SSD | h

P|N(kil‘7 Y, kz) = PVIN(I‘CQ;7 k‘z) e_j kyy
Psc(kg, y, k) = Pag(ky, k) e 3%
[Pw(kas v, k) + Poo(ke, g, k2)][ g = 0

P;SC(kxa kz) = *-Ple(kxa kz)

—+00
1 . . .
Pn(x) = / / Pi(ky, k) e TRy e milkeatk 2 qr qp,

—00

—+00
1 . : .
Peo(x) = — / / Psc(ky, k) e Hkvy o itk othe 2l qf,

~ OPsc(x0)  OPin(x0)
on on
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Equivalent Sound-Soft Scattering for Planar SSD Il h

+oo
1 o .
Dixo) =iy / 2. Pu(ky, ky) e (Femothe) g )

—00

e link to SDM by expanding with e =3 ¥ ¥ /e = ¥ ¥ and rearranging to

S(kz,y,kz)

PIN karak _‘] kyy 7' ka k.2
Dixo) T 42 // i —lel Jet b0, dk,

o link to Rayleigh integral equation: term within brackets is —2 - S (xq)

S(kzvyvkz)
400 77 - )
ﬁ [[ Pn(ky, k) e™ kuy o =i (ke 20tkz20) 4 dk,

D(Xo) =

dy |y:0

Schultz, Spors | SFS with Single Layer Potential | Appendix 11/11




	Introduction
	Mathematical Approach
	Physical Approach
	Conclusion
	References
	Appendix

