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Introduction
Sound field synthesis with weighted spherical monopoles located on a continuous
secondary source distribution (SSD)→ single layer potential

P(x, ω) =
∮
∂V

D(x0, ω) 1
4π

e−j ω
c |x−x0|

|x− x0|︸ ︷︷ ︸
symmetric kernel G(|x−x0|,ω)

dA(x0)

How to find the unknown weights D(x0, ω) for a desired (known) sound field P(x, ω)
with different analytic methods?→ solution of an inverse problem
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Approaches to the Single Layer Potential
1. Mathematical motivation→ Fredholm integral of first kind

P(x) =
∮
∂V

D(x0) G(|x− x0|) dA(x0)

2. Physical motivation→ interpretation of Helmholtz integral equation

αP(x) =
∮
∂V

[
−∂S(x0)

∂n G(|x− x0|) + ∂G(|x− x0|)
∂n S(x0)

]
dA(x0)

with unit inward n and

α =


+1 ∀x ∈ V
+1/2 ∀x ∈ ∂V
0 ∀x /∈ V
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Approaches to the Single Layer Potential
1. Mathematical motivation

P(x) =
∮
∂V

D(x0) G(|x− x0|) dA(x0)

the single layer potential is a Fredholm integral of first kind
explicit solution for the unknown driving function D(x0)

spherical problem→ closed SSD→ compact Fredholm operator [Spo08b, Faz10]

P(x) =
2π∫
0

π∫
0

D(x0) G(|x− x0|) r2
0 sin θ0 dθ0dφ0

planar problem→ infinite SSD→ Fourier operator [Ahr10, Faz10]

P(x) =
+∞∫∫
−∞

D(x0) G(|x− x0|) dx0 dz0
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Solving the Fredholm Integral for Spherical SSD

P(x) =
2π∫
0

π∫
0

D(x0) G(|x− x0|) r2
0 sin θ0 dθ0dφ0

expansion with ortho-normalized set that fulfills the wave equation, i.e. Y m
n (θ, φ)

infinite and denumerable eigenvalues

G(|x− x0|) =
∞∑

n=0

+n∑
m=−n

−j ωc h(2)
n (ωc r0) jn(ωc r)Y m

n (θ, φ) Y m
n (θ0, φ0)∗

{
S(x)
D(x)

}
=
∞∑

n=0

+n∑
m=−n

{
Sm

n (r)
Dm

n (r)

}
Y m

n (θ, φ)

D(x0) =
∞∑

n=0

+n∑
m=−n

1
r2

0

Sm
n (r)

−j ωc h(2)
n (ωc r0) jn(ωc r)︸ ︷︷ ︸

Dm
n (r)

Y m
n (θ0, φ0)

Ambisonics [Ahr08, Faz12]
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Solving the Fredholm Integral for Planar SSD

P(x) =
+∞∫∫
−∞

D(x0) G(|x− x0|) dx0 dz0

expansion with orthogonal, δ-normalized set that fulfills the wave equation, i.e. e± j 〈k,x〉

infinite and nondenumerable ’eigenvalues’→ continuous angular spectrum

G(|x− x0|) = 1
(2π)2

+∞∫∫
−∞

−j e−j ky ·y

2 ky
e−j(kx x+kz z) e+j(kx x0+kz z0)dkx dkz

{
S(x)
D(x)

}
= 1

(2π)2

+∞∫∫
−∞

{
S(kx , y, kz)
D(kx , y, kz)

}
e−j (kx x+kz z)dkx dkz

D(x0) = 1
(2π)2

+∞∫∫
−∞

S(kx , y, kz)
−j e−j ky ·y

2 ky

e−j (kx x0+kz z0)dkx dkz

Spectral Division Method [Ahr10, Faz10]
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Approaches to the Single Layer Potential
1. Mathematical motivation→ Fredholm integral of first kind

P(x) =
∮
∂V

D(x0) G(|x− x0|) dA(x0)

2. Physical motivation→ interpretation of Helmholtz integral equation

αP(x) =
∮
∂V

−∂S(x0)
∂n︸ ︷︷ ︸

normal velocity

G(|x− x0|)︸ ︷︷ ︸
monopole

+ ∂G(|x− x0|)
∂n︸ ︷︷ ︸
dipole

S(x0)︸ ︷︷ ︸
pressure

dA(x0)

with unit inward n and

α =


+1 ∀x ∈ V
+1/2 ∀x ∈ ∂V
0 ∀x /∈ V
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Boundary Conditions for the Helmholtz Integral Equation

αP(x) =
∮
∂V

[
−∂ST (x0)

∂n G(|x− x0|) + ∂G(|x− x0|)
∂n ST (x0)

]
dA(x0)

desired sound field S(x) = PIN(x) for x ∈ V
’total’ sound field ST (x) = PIN(x) + PSC(x) for x /∈ V

Dirichlet Neumann

ST (x0)
ST (x0) = 0
equivalent sound-soft scattering
[Faz13, Zot13]

∂ST (x0)
∂n = 0

equivalent sound-hard scattering
[Faz12]

|G(x−x0|)
GD(x,x0) = 0
Rayleigh II for planar SSD
initial WFS research @ TU Delft

∂GN (|x−x0|)
∂n = 0

Rayleigh I for planar SSD
modern WFS [Spo08a]
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Dirichlet Boundary Condition on Sound Pressure
Equivalent sound-soft scattering [Faz13, Zot13]

αP(x) =
∮
∂V

[
−∂ST (x0)

∂n G(|x− x0|) +
��

���
���

���XXXXXXXXXXX

∂G(|x− x0|)
∂n ST (x0)

]
dA(x0)

desired sound field S(x) = PIN(x) is modeled as an incident field for a scatterer

’total’ sound field ST (x) = PIN(x) + PSC(x) for x /∈ V

impose Dirichlet boundary condition ST (x0) = 0, i.e. ideal sound-soft scatterer

scattered field PSC(x) has to be known :-(

∮
∂V

[
−∂PIN(x0)

∂n − ∂PSC(x0)
∂n

]
︸ ︷︷ ︸

D(x0)

G(|x− x0|)dA(x0) =


+PIN(x), x ∈ V
+PIN(x), x ∈ ∂V
−PSC(x), x /∈ V
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Dirichlet Boundary Condition on Sound Pressure
Equivalent sound-soft scattering [Faz13, Zot13]

spherical secondary source distribution

planar secondary source distribution
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Neumann Boundary Condition on Green’s Function
Rayleigh integral equation→ starting point for modern WFS formulation [Spo08a]

αP(x) =
∮
∂V

[
−∂S(x0)

∂n GN (|x− x0|) +
��

���
��

���
�XXXXXXXXXXX

∂GN (|x− x0|)
∂n S(x0)

]
dA(x0)

special case for the planar secondary source distribution

∂GN (|x− x0|)
∂n = 0 GN (|x− x0|) = 2 ·G(|x− x0|)

P(x) =
+∞∫∫
−∞

−∂S(x0)
∂n · 2︸ ︷︷ ︸

D(x0)

·G(|x− x0|) dxdz

well known link between Rayleigh integral and angular spectrum propagator with Weyl
integral representation of G(|x− x0|) [Faz10, Faz13]
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Equivalent Solutions for the Single Layer Potential
In conclusion calculus leads to equivalent driving functions by employing

for a spherical secondary source distribution

D(x0)D(x0)

mathematical approach:
spectral representation

physical approach:
Helmholtz integral

!= mode matching
!= convolution over a sphere

Dirichlet on ST (x)

for a planar secondary source distribution

D(x0)

mathematical approach:
spectral representation

physical approach:
Helmholtz integral

!= mode matching
!= convolution over a plane

Dirichlet on ST (x)
Neumann on G(|x− x0|)
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slides of this talk avalaible @

http://spatialaudio.net/

Thanks for your attention

Schultz, F.; Spors, S. (2014): "Comparing Approaches to the Spherical and Planar Single Layer Potentials for Interior Sound
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Fredholm Integral in Time Signal Processing
y(t) =

+∞∫
−∞

x(τ) · h(t − τ) dτ c s Y (ω) = X(ω) ·H (ω)

infinite and nondenumerable eigensignals and corresponding signal-/system eigenvalues
→ continuous spectrum of eigenvalues/singular values

for this special case solution via Fourier transform available

h(t − τ) = 1
2π

+∞∫
−∞

H (ω) e+jω t e−jω τ dω

{
y(t)
x(t)

}
= 1

2π

+∞∫
−∞

{
Y (ω)
X(ω)

}
e+jω t dω

x(τ) = 1
2π

+∞∫
−∞

Y (ω)
H (ω)︸ ︷︷ ︸
X(ω)

e+jω τ dω
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Convolution Integral for Time Signal Processing
the convolution integral for time-domain signal processing is a Fredholm integral of first

kind

y(t) =
+∞∫
−∞

x(τ) · h(t − τ) dτ c s Y (ω) = X(ω) ·H (ω)

system identification→ heavily used to obtain LTI-system impulse responses

H (ω) = Y (ω)
X(ω)

signal identification→ link to the inverse problem of sound field synthesis

X(ω) = Y (ω)
H (ω) → x(τ) =

+∞∫
−∞

Y (ω)
H (ω) e+jω τ dω

links between the time domain convolution and the single layer potential

x(τ)↔ D(x0) h(t − τ)↔ G(|x− x0|) y(t)↔ P(x)
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Spherical Harmonics Transform
orthonormal & completeness relation of spherical surface harmonics

2π∫
φ=0

π∫
θ=0

Y m
n (θ, φ) Y m′

n′ (θ, φ)∗ sin(θ) dθ dφ = δnn′δmm′

+∞∑
n=0

+m∑
m=−n

Y m
n (θ, φ) Y m

n (θ0, φ0)∗ = δ(φ− φ0) δ(cos θ − cos θ0)

expansion (inverse SHT ) & decomposition (SHT ) for |x| = const

P(x) =
+∞∑
n=0

+n∑
m=−n

Pm
n (r) Y m

n (θ, φ)

Pm
n (r) =

2π∫
φ=0

π∫
θ=0

P(x) Y m
n (θ, φ)∗ sin θ dθ dφ
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Solving the Fredholm Integral for Spherical SSD

G(|x− x0|) =
∞∑

n=0

+n∑
m=−n

−j ωc h(2)
n (ωc r0) jn(ωc r)Y m

n (θ, φ) Y m
n (θ0, φ0)∗

S(x) =
∞∑

n=0

+n∑
m=−n

bnm︷ ︸︸ ︷
−j ωc h(2)

n (ωc rPS) Y m
n (θPS, φPS)∗ jn(ωc r)︸ ︷︷ ︸

Sm
n (r)

Y m
n (θ, φ)

D(x0) =
∞∑

n=0

+n∑
m=−n

1
r2

0

Sm
n (r)

−j ωc h(2)
n (ωc r0) jn(ωc r)︸ ︷︷ ︸

Dm
n (r)

Y m
n (θ0, φ0)

D(x0) =
∞∑

n=0

+n∑
m=−n

1
r2

0

−j ωc h(2)
n (ωc rPS) Y m

n (θPS, φPS)∗ jn(ωc r)
−j ωc h(2)

n (ωc r0) jn(ωc r)
Y m

n (θ0, φ0)

Ambisonics solution for a virtual point source at xPS, e+jω t -convention
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Solving the Fredholm Integral for Spherical SSD

G(|x− x0|) =
∞∑

n=0

+n∑
m=−n

−j ωc h(2)
n (ωc r0) jn(ωc r)Y m

n (θ, φ) Y m
n (θ0, φ0)∗

S(x) =
∞∑

n=0

+n∑
m=−n

bnm︷ ︸︸ ︷
4π j−n Y m

n (θPW, φPW)∗ jn
(
ω

c r
)

︸ ︷︷ ︸
Sm

n (r)

Y m
n (θ, φ)

D(x0) =
∞∑

n=0

+n∑
m=−n

1
r2

0

Sm
n (r)

−j ωc h(2)
n (ωc r0) jn(ωc r)︸ ︷︷ ︸

Dm
n (r)

Y m
n (θ0, φ0)

D(x0) =
∞∑

n=0

+n∑
m=−n

1
r2

0

4π j−n Y m
n (θPW, φPW)∗ jn

(
ω
c r
)

−j ωc h(2)
n (ωc r0) jn(ωc r)

Y m
n (θ0, φ0)

Ambisonics solution for a virtual plane wave into kPW, e+jω t -convention

Schultz, Spors | SFS with Single Layer Potential | Appendix 11 / 11



Spatial Fourier Transform
δ-normalized relation

+∞∫∫
−∞

e−j(k′xx+k′zz)

2π
e+j(kxx+kzz)

2π dxdz = δ(kx − k ′x) δ(kz − k ′z)

+∞∫∫
−∞

e+j(kxx′+kzz′)

2π
e−j(kxx+kzz)

2π dkxdkz = δ(x − x ′) δ(z − z ′)

expansion (inverseF ) & decomposition (F ) for y > 0 & y = const

P(x) = 1
2π

+∞∫∫
−∞

P(kx , y, kz) e−j (kx x+kz z)dkx dkz

P(kx , y, kz) = 1
2π

+∞∫∫
−∞

P(x) e+j (kx x+kz z)dx dz
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Possible Wave Numbers
for wave radiation into target halfspace y > 0

ky =

 +
√

(ωc )2 − k2
x − k2

z for (ωc )2 ≥ k2
x − k2

z propagating

−j
√

k2
x + k2

z − (ωc )2 for k2
x − k2

z > (ωc )2 evanescent

Schultz, Spors | SFS with Single Layer Potential | Appendix 11 / 11



Solving the Fredholm Integral for Planar SSD

G(|x− x0|) = 1
(2π)2

+∞∫∫
−∞

−j e−j ky ·y

2 ky
e−j(kx x+kz z) e+j(kx x0+kz z0)dkx dkz

S(x) = 1
(2π)2

+∞∫∫
−∞

S(kx , y, kz) e−j (kx x+kz z)dkx dkz

S(kx , y, kz) = 4π2 δ(kx − kx,PW) δ(kz − kz,PW) e−j ky,PW·y

D(x0) = 1
(2π)2

+∞∫∫
−∞

S(kx , y, kz)
−j e−j ky ·y

2 ky︸ ︷︷ ︸
D(kx ,y,kz)

e−j (kx x0+kz z0)dkx dkz

D(kx , kz) = 8π2 j ky,PW · δ(kx − kx,PW) · δ(kz − kz,PW)

S(kx , y, kz) = D(kx , kz) ·G(kx , y, kz)

Spectral Division Method solution for a plane wave into kPW, e+jω t -convention, y > 0
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Equivalent Sound-Soft Scattering for Planar SSD I
PIN(kx , y, kz) = P̌IN(kx , kz) e−j ky y

PSC(kx , y, kz) = P̌SC(kx , kz) e+j ky y

[PIN(kx , y, kz) + PSC(kx , y, kz)]
∣∣
y=0 = 0

P̌SC(kx , kz) = −P̌IN(kx , kz)

PIN(x) = 1
4π2

+∞∫∫
−∞

P̌IN(kx , kz) e−j ky y e−j [kx x+kz z]dkxdkz

PSC(x) = 1
4π2

+∞∫∫
−∞

P̌SC(kx , kz) e+j ky y e−j [kx x+kz z]dkxdkz

D(x0) = −∂PSC(x0)
∂n − ∂PIN(x0)

∂n
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Equivalent Sound-Soft Scattering for Planar SSD II

D(x0) = j ky
1

4π2

+∞∫∫
−∞

2 · P̌IN(kx , kz) e−j (kxx0+kzz0)dkx dkz

link to SDM by expanding with e−j ky y/e−j ky y and rearranging to

D(x0) = 1
4π2

+∞∫∫
−∞

S(kx ,y,kz)︷ ︸︸ ︷
P̌IN(kx , kz) e−j ky y

−j e−j ky y

2 ky

e−j (kxx0+kzz0)dkx dkz

link to Rayleigh integral equation: term within brackets is−2 · S(x0)

D(x0) =

∂

 −2
4π2

+∞∫∫
−∞

S(kx ,y,kz)︷ ︸︸ ︷
P̌IN(kx , kz) e−j ky y e−j (kx x0+kz z0)dkxdkz


∂y

∣∣
y=0
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