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Wave Field Synthesis (WFS)

virtual
source

x0

D(x0, ω)

V0

∂V0

x

G(x−x
0 , ω)

S(x, ω) desired sound field

D(x0, ω) driving function

G(x− x0, ω) spatial transfer function

V0 listening area/volume

an analytic method for sound field synthesis [Berkhout et al., 1993, Spors et al., 2008]

S(x, ω) =

∮
∂V0

D(x0, ω)G(x− x0, ω)dA, x ∈ V0

based on the Rayleigh integral equation

S(x, ω) =

∞x

−∞

−2 ∂
∂n0
S(x0, ω)︸ ︷︷ ︸

DWFS(x0,ω)

G(x− x0, ω)dx0dz0, y > y0

analytic solution for linear/planar arrays
approximated solution for arbitrary convex-shaped arrays (high-frequency approximation)
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Synthesis of a Virtual Plane Wave

2.5D Driving Function [Spors et al., 2008, Schultz, 2016]

frequency
domain D(x, ω) =

√
i ω
c
a(x0)

√
8π
√
‖x0 − xref‖〈npw, n0(x0)〉e−i

ω
c
〈npw,x0〉

time
domain d(x, t) = hpre(t)︸ ︷︷ ︸

pre-equalization
filter

∗t a(x0)︸ ︷︷ ︸
secondary

source
selection

√
8π
√
‖x0 − xref‖︸ ︷︷ ︸

amplitude
correction @xref

〈npw, n0(x0)〉︸ ︷︷ ︸
cosφn

δ
(
t − 〈npw,x0〉

c

)
︸ ︷︷ ︸

delay

n0

npw

∂V
φn

xref

n0 inward pointing normal vector

npw plane wave direction

φn = arccos (〈npw, n0〉)

a(x0) 1 or 0
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Spatial Aliasing and Local WFS

x / m
-1 0 1

y
/
m

-1.5

-1

-0.5

0

0.5

1

1.5

x / m
-1 0 1

y
/
m

-1.5

-1

-0.5

0

0.5

1

1.5

conventional WFS (1 kHz) conventional WFS (2.5 kHz)

[circular arrayR = 1.5, 56 loudspeakers, φpw = −90◦ ]

using a finite number of loudspeakers results in spatial aliasing artifacts (f > fal)

local WFS achieves increased accuracy within a local area
1. virtual loudspeaker array [Spors and Ahrens, 2010]

2. virtual equivalent scattering and time reversal [Spors et al., 2011]

3. spatial band-limitation [Hahn et al., 2016]
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using a finite number of loudspeakers results in spatial aliasing artifacts (f > fal)

local WFS achieves increased accuracy within a local area
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3. spatial band-limitation [Hahn et al., 2016]
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Local WFS by Spatial Band-Limitation in the Circular Harmonics Domain
[Hahn et al., 2016]

original finite spatial bandwidth

circular harmonics expansion of a plane wave with respect to xc

e−i
ω
c
〈npw,x〉 = e−i

ω
c
〈npw,xc 〉

∞∑
m=−∞

i−me−imφpw︸ ︷︷ ︸
expansion
coefficient

Jm(
ω
c
r ′)︸ ︷︷ ︸

Bessel
function

e imφ
′︸︷︷︸

circular
harmonics

, where x− xc = (r ′, φ′, z ′)

spatial band-limitation: M⇒ describes the sound field within a circular region rM ≈ cM
2πf

[Kennedy et al., 2007]

WFS driving function based on spatially band-limited circular harmonics expansion

driving function available only in the frequency domain so far
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Time-Domain Representation I

S(x, ω) =

M∑
m=−M

i−me−imφpwJm( ω
c
r)e imφ

S(x, ω) =
1

2π

∫ 2π

0

DM(α− φpw) e−i
ω
c
r cos(φ−α)dα

where DM(α − φpw) ≡ sin
(

2M+1
2

(α− φpw)
)
/ sin

(
1
2

(α− φpw)
)

s(x, t) =
1

2π

∫ 2π

0

DM(α− φpw) δ
(
t − r

c
cos(φ− α)

)
dα

dPWD(x0, t) =

√
2r

π

∫ 2π

0

a(x0, α)〈nα, n0〉

× DM (α− φpw) δ
(
t − r

c
cos(φ− α)

)
dα

Plane Wave Decomposition

F−1
t

WFS Driving Function

Circular Harmonics Expansion (xc = 0)
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Time-Domain Representation II

s(x, t) =
1

2π

∫ 2π

0

DM(α− φpw) δ
(
t − r

c
cos(φ− α)

)
dα

s(x, t) =
1

2π

Π
(
ct
2r

)
| sinβ(t)|

[
DM(φ− φpw − π + β(t)) δ

(
t − r

c
cos(β(t) + π)

)
+DM(φ− φpw − π − β(t)) δ

(
t − r

c
cos(−β(t) + π)

)]
where β(t) = arccos

(
− ct

r

)
and Π(·): rectangular function

Circular Harmonics Exnpansion

sifting property of δ(·)

F−1

two plane waves at each time instance for− r
c
< t < r

c

φ+
pw(t) = φ+ β(t) + π

φ−pw(t) = φ− β(t) + π
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Spatially Band-Limited Plane Wave

t < 0 t = 0 t > 0

xc

original plane wave

x

y

r

φ+
pw(t) = φ+ β(t) + π

φ−pw(t) = φ− β(t) + π

xc

x

|ct|

φβ
β
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WFS Driving Function

d(x0, t) =

√
2r

π

Π( ct
2r

)

| sinβ(t)|
×
[
a
(

x0, φ
+
pw(t)

)
〈n+

pw(t), n0〉DM
(
φ+

pw(t)
)

+a
(

x0, φ
−
pw(t)

)
〈n−pw(t), n0〉DM

(
φ−pw(t)

) ]

180

90

0
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180

φ
p
w

φ+
pw(t)

φ−pw(t)

0.2

0.0
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A
m

p
lit

u
d
e

1

0

1

<
n
± p
w
,n

0
>

−r/c r/c

t / s

0

1

a
(x

0
)

[xc = (0, 0, 0), x0 = (1.5, 0, 0), φpw = − π3 , φn = − 3π
4 ]
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Practical Implementation

dPWD(x0, t) =

√
2r

π

∫ 2π

0

a(x0, α)〈nα, n0〉

× DM (α− φpw) δ
(
t − r

c
cos(φ− α)

)
dα

PWD

dCHT(x0, t) =

√
2r

π

Π( ct
2r

)

| sinβ(t)|
×
[
a
(

x0, φ
+
pw(t)

)
〈n+

pw(t), n0〉DM
(
φ+

pw(t)
)

+a
(

x0, φ
−
pw(t)

)
〈n−pw(t), n0〉DM

(
φ−pw(t)

) ]
CHT

temporal sampling: integer or fractional delay

spatial sampling: synthesize only a finite number of plane waves e.g. equi-angular sampling

temporal sampling implicitly discretizes the plane wave angles constitutes a nonuniform sampling of φ±pw

anti-aliasing filtering and dynamic range control using arctan(·)

L(u) = 2Athr

π
arctan

(
πu

2Athr

)

Hahn et al | 30. Aug. 2017 | Spatially Band-Limited Plane Wave in WFS | Practical Implementation 9 / 15



Practical Implementation

dPWD(x0, t) =

√
2r

π

∫ 2π

0

a(x0, α)〈nα, n0〉

× DM (α− φpw) δ
(
t − r

c
cos(φ− α)

)
dα

PWD

dCHT(x0, t) =

√
2r

π

Π( ct
2r

)

| sinβ(t)|
×
[
a
(

x0, φ
+
pw(t)

)
〈n+

pw(t), n0〉DM
(
φ+

pw(t)
)

+a
(

x0, φ
−
pw(t)

)
〈n−pw(t), n0〉DM

(
φ−pw(t)

) ]
CHT

temporal sampling: integer or fractional delay

spatial sampling: synthesize only a finite number of plane waves e.g. equi-angular sampling

temporal sampling implicitly discretizes the plane wave angles constitutes a nonuniform sampling of φ±pw

anti-aliasing filtering and dynamic range control using arctan(·)

L(u) = 2Athr

π
arctan

(
πu

2Athr

)

Hahn et al | 30. Aug. 2017 | Spatially Band-Limited Plane Wave in WFS | Practical Implementation 9 / 15



2.5D WFS Simulation

Configuration

circular array R = 1.5 m,N = 60 loudspeakers

virtual plane wave φpw = −90◦ (downwards)

spatial bandwidth M = 29

sampling frequency fs = 44.1 kHz

Driving Functions

conventional WFS

circular harmonics expansion (CHT)

plane wave decomposition using integer delay (PWD-i)

plane wave decomposition using fractional delay (PWD-f) 20th-order Lagrange polynomial

† number of plane waves (Npw = 385) matched for CHT, PWD-i, and PWD-f
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Driving Function and Synthesized Sound Field
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Temporal Properties
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Spectral Properties
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CHT: optimalAthr = 17 found empirically

CHT: high-frequency deviations (< 3 dB) due to temporal aliasing

PWD-i & PWD-f: fluctuations at high frequencies

typical low-frequency deviation in WFS due to high-frequency approximation
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Improvement by Oversampling ↑ 2
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CHT: outperforms PWD-i and comparable to PWD-f

PWD-f: computational complexity increases significantly
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Conclusion

Summary

two time-domain representations introduced (CHT & PWD) for a spatially band-limited plane

corresponding WFS driving functions derived

improved accuracy achieved within a freely movable local listening area

CHT, PWD-i, and PWD-f compared in terms of temporal/spectral/spatial properties

Future Work

CHT: improved anti-aliasing filtering and dynamic range control

physical/perceptual comparison with other local WFS methods

What about POINT SOURCES?
⇒ Fiete Winter et al., "Time-Domain Realisation of Model-Based Rendering for 2.5D Local Wave Field

Synthesis Using Spatial Bandwidth-Limitation" [AASP-L3, 11:00, Aegle B]
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Circular Harmonics Expansion of a Plane Wave

plane wave with angle φpw and wave vector kpw = [
ω
c
cosφpw,

ω
c
sinφpw, 0]

T (parallel to the xy -plane)

xc : expansion center

approximated with a final number of termsM

e−i〈kpw,x〉 =

∞∑
m=−∞

i−me imφpw︸ ︷︷ ︸
Expansion coefficient

Jm(
ω
c
r)︸ ︷︷ ︸

Bessel function

e imφ︸︷︷︸
Circular harmonics

x = (r, φ, z)

= e−i〈kpw,xc 〉
∞∑

m=−∞

i−me imφpwJm(
ω
c
r ′)e imφ

′
x− xc = (r ′, φ′, z ′) spatial shift

≈ e−i〈kpw,xc 〉
M∑

m=−M

i−me imφpwJm(
ω
c
r ′)e imφ

′
spatial band-limitation
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Inverse Fourier Transform of the Bessel Functions

circular harmonics expansion

S(M)
pw (x, ω) = e

−i ω
c
〈npw,xc 〉

M∑
m=−M

i−me−imφpwJm(
ω
c
r ′)e imφ

′

forward Fourier transform of the Bessel function [Abramowitz and Stegun, 1964]

F {Jm(t)} =
∫ ∞
−∞

Jm(t)e
−iωtdt =

2(−i)mΠ(ω)Tm(ω)√
1− ω2

exploiting the duality of Fourier transform, the inverse Fourier transform of Jm(ωc r) reads

F−1
{
Jm(

ω
c
r)
}
=
im

π

Π( ct
2r
)Tm(

ct
r
)√

( r
c
)2 − t2

Tm(·) Chebyshev polynomial of the first kind of degreem

Π(·) rectangular function
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Time Domain Representations

S(x, ω) =

M∑
m=−M

i−me−imφpwJm(ω
c
r ′)e imφ

′

S(x, ω) =
1

2π

∫ 2π

0
DM(α− φpw) e−i

ω
c

cos(φ−α)dα

s(x, t) =
1

2π

∫ 2π

0
DM(α− φpw) δ

(
t − r

c
cos(φ− α)

)

s(x, t) =
1

2π

Π
(
ct
2r

)
| sinβ(t)|

[
DM(φ− φpw − π + β(t))

+DM(φ− φpw − π − β(t))
]

Plane Wave Decomposition

F−1
t

sifting property of δ(·)

F−1
t

Hahn et al | 30. Aug. 2017 | Spatially Band-Limited Plane Wave in WFS | Appendix | Spatial Band-Limitation A-5 / 15



Distribution of Plane Wave Directions
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PWD: uniform distribution
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Dynamic Range Control
only for CHT
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Frequency-Domain Driving Functions [Hahn et al., 2016]

D2D(x0, ω) =− 2a(x0)

N∑
µ=−N

S̊µ(ω)e iµϕ0

×
[
〈êr , n0〉 ω2c

{
Jµ−1( ω

c
ρ0)− Jµ+1( ω

c
ρ0)
}

+ 〈êϕ, n0〉iµJµ( ω
c
ρ0)
]

D3D(x0, ω) = −2a(x0)

N∑
n=0

n∑
m=−n

S̆mn (ω)

[
〈êr , n0〉 1

2n+1
ω
c

{
njn−1( ω

c
r0)− (n + 1)jn+1( ω

c
r0)
}
Y mn (θ0, φ0)

+ 〈êθ , n0〉 −1

r0 sin2 θ0
jn( ω

c
r0)
{

(n + 1) cos θ0Y
m
n (θ0, φ0)−

√
2n+1
2n+3

((n + 1)2 −m2)Y mn+1(θ0, φ0)
}

+ 〈êφ, n0〉 im
r0 sin θ0

jn( ω
c
r0)Y mn (θ0, φ0)

]

D2.5D(x0, ω) =

√
2π‖x− x0‖

i ω
c

×D2D(x0, ω)

D2.5D(x0, ω) = −2a(x0)

N∑
m=−N

S̆m|m|(ω)e imϕ0

4πi |m|−mY −m|m| ( π
2
, 0)

×
[
〈êr , n0〉 ω2c

{
Jm−1( ω

c
ρ0)− Jm+1( ω

c
ρ0)
}

+ 〈êϕ, n0〉imJm( ω
c
ρ0)
]
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